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In this paper, we consider cosmological perturbations on a brane universe embedded in an Anti{
de Sitter bulk. We use a novel gauge, in which the full ve{dimensional problem is in principle
solvable. In this gauge we derive the equations for scalar, vector and tensor perturbations. These
equations are necessary in order to calculate microwave background anisotropies in this particular
scenario. Throughout the paper, we draw attention to the influence of the bulk gravitons, which
act as a source for the perturbations on the brane. In addition, we nd that isocurvature modes are
generated due to the influence of bulk gravitons.
I. INTRODUCTION
In a now famous paper, Randall and Sundrum have argued that compactication is not the only way one should
think on how to hide extra spacetime dimensions [1]. In fact, rather than compactifying the extra dimension(s), they
showed that not only matter could be conned on a brane with tension, but also gravity itself. In their setup they
discussed the case for a brane embedded in an Anti{de Sitter spacetime with a Z2{symmetry. They found that, due to
the curvature of the Anti{de Sitter spacetime, the Kaluza{Klein zero mode was indeed conned on the brane. Thus,
for energy densities lower than the brane tension, gravity is eectively four{dimensional from the point of view of an
observer conned on the brane.
The cosmological consequences for the background evolution in this type of brane world scenario were discussed
intensively (for a rather incomplete list see, e.g. [2]). However, a denite test for this alternative to compactication is
still missing. As such, the study of cosmological perturbations in brane worlds is very important. Indeed, perturbations
can evolve dierently in these models. Thus, there is the hope that the signs of extra dimensions may be found in
the anisotropies of the cosmic microwave background or in the matter distribution of the universe (for a discussion
on perturbations in brane worlds, see [3], [4], [5] and [6]).
In an interesting geometric approach, Einsteins equations were derived on the brane [7]. It was found that they
can be written as follows,
G(4)µν = −effgµν + 8GTµν + 45µν − Eµν ; (1)
being 5 the ve{dimensional gravitational coupling constant. The terms in this equation have the following physical
meaning:
i) gµν is the induced metric on the brane,
ii) eff is the eective cosmological constant on the brane, which has contributions from the bulk cosmological constant
and brane tension, and could be tuned to be zero,
iii) G is Newton’s gravitational constant, which is directly connected to the brane tension Ub by 48G = 45Ub,
iv) µν is a tensor quadratic in the stress{energy tensor Tµν for the brane matter,
v) and Eµν is the projection of the ve{dimensional Weyl tensor onto the brane. This is a non{local contribution
which physically describes the influence of the bulk gravitons. For a homogeneous brane universe, Eµν gives rise to
a \dark radiation" term. That is, matter with the equation of state p = =3. The amplitude of this radiation term
is arbitrary, and actually it might set to be zero. Indeed, it was argued, that this amplitude measures the mass of a
black hole inside the bulk [8].
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For an homogeneous and isotropic brane universe, equation (1) can be used to derive an eective Friedmann
equation, which besides the usual four{dimensional Friedmann equation, it also contains a term quadratic in the
energy density on the brane.
In [9], the equations for scalar cosmological perturbations in such a framework where derived. It was shown that
the usual four{dimensional equations appear, together with a quadratic correction. Again, the influence of the bulk
appeared in form of a fluid with an equation of state p = =3. However, these equations where derived using gaussian
normal coordinates on the brane. In this paper, we derive the perturbation equations in a gauge in which, at least
in principle, the full ve{dimensional dynamics is solvable. We nd, as expected, that the form of Einstein equations
is the same as found in [9]. In addition to that, we derive the equations for vector and tensor perturbations, on the
believe that they could also be of relevance in calculating the anisotropies in the cosmic microwave background.
The paper is organized as follows: after discussing very briefly the background equations in the next section, we
derive the perturbed Einstein equations on the brane for scalar perturbations in section 3. As a result, we explicitly
see that bulk gravitons act as a source for scalar perturbations. Following that, we derive the brane equations for
vector and tensor perturbations in section 4 and section 5. We summarize our ndings and discuss consequences for
structure formation in section 6.
II. THE BACKGROUND
In this section, we briefly recapitulate the background equations which govern the expansion of the homogenous and
isotropic brane universe (see [2] and [6]). We assume that the bulk is Anti{de Sitter, i.e. it contains only a negative
cosmological constant. In particular, we will consider here the case of an isolated brane only, i.e. a cosmological
version of the second Randall{Sundrum model.
We use the equations, which where derived in [4] and [6]. Restricting the 55{component of the background Einstein














b(b + 3pb) + q

: (2)
In this equation, p and pb are the total brane energy density and brane pressure respectively and q is the 55{
component of the bulk energy{momentum tensor. We follow now the Randall{Sundrum construction, in which the
total brane density is a sum of the matter density plus a contribution from the brane tension, i.e.
b = M + UB; pb = pM − UB; (3)
where M and pM denote the energy density and pressure of the \ordinary" matter on the brane, respectively, and














where we identify UB = 48G, being G the four{dimensional Newton’s constant. Also, C is an arbitrary constant and










Following Randall and Sundrum, we assume that the brane tension cancels the contribution from the bulk cosmological
constant, so that





for which eff = 0. We additionally assume that the arbitrary constant C = 0, i.e. we neglect the contribution from
the projected bulk Weyl tensor. This is justied, given the assumptions we make for the symmetries of the bulk [8].











where we use the notation H = aτ=a for the Hubble parameter on the brane.
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III. THE SCALAR PERTURBATIONS
In the following sections we would like to derive the eective Einstein equations for rst order perturbations on the
brane. In order to do that, we have to restrict the full Einstein equations onto the brane. In doing so, we will make
use of the formalism presented in [4], where the full ve{dimensional equations can be found. Since we are not going
to repeat the equations for scalar perturbations here, we refer the interested reader to [4] for further details.
We start with the scalar perturbations. The perturbed metric we use takes the form
ds2 = a2b2

(1 + 2)dt2 − (1 − 2Γ)dy2 − 2Wdydt− 2Bdydxi− a2Ωij(1− 2 )dxidxj : (8)
As explained in [4], the brane can be located at y = const: along the fth dimension in this gauge, and the variable
B contains only information about the anisotropic stress on the brane. In the case for vanishing anisotropic stress
on the brane, the variable B can be set to be zero everywhere and the metric would coincide with the generalized
longitudinal gauge.
We are going to assume for simplicity that the bulk cosmological constant and the brane tension are real constants,
so that b = M and pb = pM . Also, we will use  as the proper time on the brane, that is
a()b() = 1: (9)
Then, the restriction of the perturbed Einstein equations on the brane is straightforward but rather tedious. Such a
restriction proceeds as follows:
i) We rst use the background Einstein equations to express the second y{derivatives of the scale factors a and b in
terms of their rst y{derivatives and rst and second t{derivatives (see [4] for the background Einstein equations).
ii) Then we substitute the jump conditions for the rst derivatives of a, b, ,  , Γ and the jump conditions for the
functions W and B making sure to take the lower sign in any  or  combination (which refers to the brane on the
right hand side, i.e. y = R, where we assume the brane to be located).
iii) Finally, we note that the second y{derivatives of ,  and Γ together with the rst y{derivatives of W and B are
not locally determined on the brane. Thus, they measure a non{local interaction of the brane with the bulk. Following





























Because we are assuming that there are no matter perturbations in the bulk, we simply have Gαβ = 0. Using the
junction conditions for the scale factors a and b and for the metric perturbations, we nd that the scalar part of
Einsteins equations can be written as
(4D)G00 = 8GM +
M
6
M + 5; (13)
(4D)G0i = −




























where (4D)Gij is the four{dimensional Einstein tensor, obtained with the four dimensional part of the metric (8) in










jk + 3HW5 +
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(2b + 3pb)Bτ − b12W + a
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− 2HW5 + pb2 Γ5 − Γττ − 2HΓτ
−
































The four{dimensional Einstein tensor (4D)Gµν reads









(4D)G0i = f2H+ 2 τgji ; (21)
(4D)Gij =





















 jijj : (22)
In dening the quantities 5, p5, v5 and 5, we have made explicit use of the junction conditions given in [4].
Note that these terms contain the information about the bulk perturbations. The quantities H2 and Hτ also contain

























On the other hand the restriction of the 5{components of the perturbed Einstein equations on the brane give
the usual energy{momentum conservation for brane perturbations. Finally, rather than the 55{component of the
perturbed Einstein equations, we conveniently use the 55{component of the perturbed Ricci tensor, i.e. R55 = 0.
This is possible because the bulk contains only a pure cosmological constant. Thus,
R55 = −3 5 + 5 − 5jkjk +
@W5
@




























Γ = 0: (26)





Recall that the origin of the terms involving 5 and p5 comes from a non-local interaction between the brane and
the bulk gravitons. Therefore, in view of (27), these gravitons can be seen as a source for the fluctuations on the
brane [9]. In particular, the bulk quantities Γ5 and B give rise to an induced anisotropic stress on the brane.
We remark that, regardless of having a vanishing anisotropic stress on the brane, the quantities  and  no longer
commute. This is true due to the appearance of an eective anisotropic stress and it is in clear contrast to the usual
four{dimensional case. Indeed, the traceless part of the ij{component reads

ji




Assuming that the anisotropic stress on the branes vanishes, we can replace  in favor of  and 5 (observe that
5























ττ + 4Hτ +

3H2 + 2Hτ − k
a2










p5 + 5,ττ + 3H5,τ − k
a2
5 (30)
Now, decomposing the pressure perturbations as
4
pM = c2sM + T S; (31)




















= 4GT S + M
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The right hand side corresponds to the usual 4D case, without any further corrections. Also, the rst term on the left
hand side corresponds to the term usually found in four dimensions, which describes entropy production. Note, that
the combination 5 − c2sp5 describes an eective entropy production, induced by bulk gravitons. In addition, we
nd the usual corrections quadratic in the energy density and terms involving the eective anisotropic stress induced
from bulk gravitons. Since we cannot a priori neglect these extra terms, which contain information from the bulk, a
study of the full set of ve{dimensional equations is required.
IV. THE VECTOR PERTURBATIONS
In this section we draw our attention to the vector perturbations. It is commonly assumed that since these
type of perturbations decay due to the cosmological expansion, they are not relevant for the study of cosmological
perturbations. However, this may not be true in the context of brane world models. The reason is that, analogously
to the case of scalar perturbations, vector and tensor perturbations are also sourced by bulk gravitons. Thus the
study of both vector and tensor perturbations may be also necessary.
The most general metric for vector perturbations in brane worlds with a brane located at a constant y position




adyb − Ωij + 2F(ijj) dxidxj − 2Saidyadxi} ; (33)
where the three{vectors Sai and Fi have vanishing divergences, i.e.
Sa
i
ji = 0 ; F
iji = 0: (34)
In ve dimensions, there exist two gauge{invariant vector perturbations (see e.g. [4]). In the generalized longitudinal
gauge, these two gauge{invariant vector perturbations can be identied to Sai, while the remaining vector perturbation
Fi can be conveniently cancelled. Thus, working in this gauge, we have
ds2 = a2

b2dt2 − b2dy2 − Ωijdxidxj − 2S0idtdxi − 2S5idydxi
}
; (35)
On the other hand, the perturbed stress-energy tensor for vector perturbations on the brane is given by
Tαβ =
0
@ 0 −(b + pb)b
−2Vj 0
−(b + pb)Si0 + (b + pb)V i 2F (ijj) U i
0 pbb−2S5j − b−2Uj 0
1
A ; (36)
where V i and U i describe two \velocity" elds for the matter on the branes. In the bulk, the rst order Einstein






































































































jk = 0: (39)
The junction conditions can easily found to be
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S5i = Fi; (40)




Observe, thus, that the velocity eld Ui and the matter perturbation Fi are not independent quantities but they are













the rst order Einstein equations for vector perturbations on the brane can be written as




(M + pM )Vi − P0i (45)
(4D)Gij = 8GF (ijj) +
M
6
F (ijj) + P(i5 jj), (46)
















Finally, the remaining non-zero component of Einstein equations, G5i, gives the following energy conservation equa-
tion for vector perturbations on the brane,






Fi = 0: (49)
V. THE TENSOR PERTURBATIONS
Tensor perturbations may be physically related to linearized gravitational waves. For the case of a single extra
dimension the most general metric is
ds2 = a2

b2dt2 − b2dy2 − [Ωij + hij ] dxidxj
}
; (50)
The 3{dimensional tensor hij , which is already gauge{invariant, is traceless and divergenceless, i.e.
hkk = 0 and hij ji = 0: (51)
We use now the following perturbed stress-energy tensor for tensor perturbations on the brane,
Tαβ =
0




where ij is a 3{dimensional tensor describing the tensorial part of the anisotropic stress of the matter elds on the
brane.








hij = 0; (53)
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where 2 stands for the 5{dimensional Laplacian, given by





















Then the junction conditions read
h0ij = ij : (55)















ij + Iij : (57)





















VI. CONSEQUENCES FOR STRUCTURE FORMATION
In this paper we have derived the equations for scalar, vector and tensor perturbations on a brane universe embedded
in an Anti{de Sitter space. We have assumed a single brane and a bulk without matter perturbations. However, the
equations are written in such a way, that, at least in principle, the full set of 5D equations could be solved. As such,
the results could be extended to include a second brane, for instance.
What was found is that all kind of perturbations are sourced by bulk gravitons. This is not surprising, since
perturbations on the brane induce perturbations in the bulk and vice versa. However, for structure formation on the
brane, the dynamics of these source terms should be understood. In the particular case of scalar perturbations, the
non{local interaction between the brane and the bulk is described by an eective energy density, pressure, velocity
eld and anisotropic stress. The eective pressure and energy density are related by an radiation like equation of
state. Furthermore, the combination p5 − c2s5, where cs is the matter sound speed, describes an eective entropy
production. This entropy production can in principle generate isocurvature modes. The eciency of the production
depends strongly on the evolution of 5, p5 and the sound speed cs. On the other hand, within the formalism
presented so far, the evolution of 5 is not constrained. Although the contribution from bulk gravitons (i.e. the
dark radiation term) may be neglected for the background, it reappears in the cosmological perturbation equations.
There, we cannot arbitrarily set its amplitude to zero. One important consequence is that, contrary to the usual
four{dimensional case, the metric variables  and  do not necessarily commute, even in the absence of anisotropic
stress on the brane. Thus, given that the stress history is very important for structure formation (see [10]), the
evolution of 5 has to be studied carefully.
Besides scalar perturbations, we have also found the equations for vector and tensor perturbations. As expected,
these perturbations are sourced by bulk gravitons as well. This means that any constraints given to this particular
model (from the CMB, for example) have to take into account the contribution of tensor and, once produced, vector
modes also. Of course, in order to have the information about bulk perturbations, one has to solve the full Einstein
equation in the bulk. Although the gauge used here makes the 5D equations in principle solvable, this is a task beyond
the scope of the present work.
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In [9] the connection to \seed"{models of structure formation was made1. However, within the model we discuss, it
is not clear, if the seeds obey a scaling solution. Non{scaling seeds are rather peculiar and need to be studied further
(for the case of non{scaling cosmic strings, see [12]). In addition, the projection onto the brane is non{local, which is
another new eect in this kind of brane world scenarios. Thus, at this stage, it is not at all clear if the model could
be ruled out by current observations.
Finally we would like to comment what would change if a second brane (with negative tension) is somewhere else in
the bulk. In that case, all the quantities describing the influence of bulk gravitons (i.e. 5, p5, etc.) would carry the
information about the perturbations on the other brane. Indeed, through the full 5D equations, it would be possible
to relate 5, p5, etc. to the matter perturbations on the other brane. However, due to the warp factor these might
be strongly suppressed if we lived on the positive tension brane. If that is the case, the low{eective theory relating
perturbations of the matter elds on both branes would be, when the physical distance of the branes is stabilized, the
usual four{dimensional Einstein gravity, with contributions from both branes.
Acknowledgments: We are grateful to Richard Battye, Robert Brandenberger, Andrew Mennim and Toby Wiseman
for useful discussions. C.v.d.B. was supported by the Deutsche Forschungsgemeinschaft (DFG). M. Dorca is supported
by the Fundacio´n Ramo´n Areces. The research was supported in part (at Brown) by the U.S. Department of Energy
under Contract DE-FG02-91ER40688, TASK A.
[1] L. Randall, R. Sundrum, Phys.Rev.Lett. 83, 4670 (1999)
[2] C. Csaki, M. Graesser, C. Kolda, J. Terning, Phys.Lett. B 462, 34 (1999); J. Cline, C. Grojean, G. Servant, Phys.Rev.Lett.
83, 4245; P. Binetruy, C. Deayet, U. Ellwanger, D. Langlois, Phys.Lett. B 477, 285 (2000); E.E. Flanagan, S.-H. Tye,
I. Wasserman, Phys.Rev. D 62, 044039 (2000); S. Mukohyama, Phys.Lett. B 473, 241 (2000); L. Anchordoqui, C. Nunes,
K. Olsen, JHEP 0010:050 (2000); C. Barcelo, M. Visser, Phys.Lett. B 482, 183 (2000); L. Anchordoqui, K. Olsen, hep-
th/0008102; E. Copeland, A.R. Liddle, J.E. Lidsey, astro-ph/0006421; R. Maartens, V. Sahni, T. D. Saini, gr-qc/0011105
[3] R. Maartens, D. Wands, B.A. Bassett, I. Heard, Phys.Rev.D 62, 041301 (2000); S.W. Hawking, T. Hertog, H. Reall,
Phys.Rev.D 62, 043501 (2000) and hep-th/0010232; S. Kobayashi, K. Koyama, J. Soda, hep-th/0009160;
[4] C. van de Bruck, M. Dorca, R.H. Brandenberger, A. Lukas, Phys.Rev. D62, 123515 (2000), M. Dorca, C. van de Bruck,
Cosmological Perturbations in Brane Worlds: Brane Bending and Anisotropic Stresses, to be published
[5] S. Mukohyama, Phys. Rev. D 62, 084015 (2000) and hep-th/0006146; H. Kodama, A. Ishibashi, Seto, Phys. Rev. D62,
064022 (2000);R. Maartens, Phys. Rev. D 62, 084023 (2000); D. Langlois, Phys. Rev. D 62, 126012 (2000); K. Koyama,
J. Soda, Phys. Rev. D. 62, 123502 (2000); N. Deruelle, T. Dolezel, J. Katz, hep-th/0010215; H. Bridgman, K. Malik,
D. Wands, hep-th/0010133; A. Neronov, I. Sachs, hep-th/0011254; D. Langlois, R. Maartens, M. Sasaki, D. Wands,
hep-th/0012044
[6] C. van de Bruck, M. Dorca, C.J.A.P. Martins, M. Parry, hep-th/0009056, to be published in Phys.Lett.B
[7] T. Shiromizu, K. Maeda, M. Sasaki, Phys.Rev.D 62, 024012 (2000)
[8] P. Bowcock, C. Charmousis, R. Gregory, Class.Quant.Grav. 17, 4745 (2000); A. Chamblin, A. Karch, A. Nayeri, hep-
th/0007060
[9] D. Langlois, hep-th/0010063
[10] W. Hu, D.J. Eisenstein, Phys. Rev. D 59, 083509 (1999)
[11] F. Vernizzi, A. Melchiorri, R. Durrer, astro-ph/0011197
[12] A. Albrecht, R. Battye, J. Robinson, Phys.Rev.Lett. 79, 4736 (1997); A. Albrecht, R. Battye, J. Robinson, Phys.Rev.D
59, 023508 (1999)
1That the model has similarities with defect models of structure formation was independently pointed out by Richard Battye
to us.
8
